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For two-dimensional topological insulators, the integer and intrinsic (without external magnetic
field) quantum Hall effect is described by the gauge anomalous (2+1)-dimensional [2+1d] Chern-
Simons (CS) response for the background gauge potential of the electromagnetic U(1) field. The
Hall conductance is given by the quantized prefactor of the CS term, which is a momentum-space
topological invariant. Here, we show that three-dimensional crystalline topological insulators with
no other symmetries are described by a topological (3+1)-dimensional [3+1d] mixed CS term. In
addition to the electromagnetic U(1) gauge field, this term contains elasticity tetrad fields E aµ (r, t) =
∂µX
a(r, t) which are gradients of crystalline U(1) phase fields Xa(r, t) and describe the deformations
of the crystal. For a crystal in three spatial dimensions a = 1, 2, 3 and the mixed axial-gravitational
response contains three parameters protected by crystalline symmetries: the weak momentum-space
topological invariants. The response of the Hall conductance to the deformations of the crystal is
quantized in terms of these invariants. In the presence of dislocations, the anomalous 3+1d CS
term describes the Callan-Harvey anomaly inflow mechanism. The response can be extended to
all odd spatial dimensions. The elasticity tetrads, being the gradients of the lattice U(1) fields,
have canonical dimension of inverse length. Similarly, if such tetrad fields enter general relativity,
the metric becomes dimensionful, but the physical parameters, such as Newton’s constant, the
cosmological constant, and masses of particles, become dimensionless.
PACS numbers:
I. INTRODUCTION
The effective Chern-Simons (CS) description of the
integer (and fractional1,2) quantum Hall effect (IQHE)
and the ensuing topological quantization of Hall con-
ductivity has been originally considered in even spatial
dimensions3. Similarly, in 2 + 1-dimensional topologi-
cal insulators4, in the generalized QED3
5–7 or in thin
films of topological superfluids and superconductors8,9,
the intrinsic or anomalous quantum Hall effect (AQHE)
in the absence of magnetic flux is also described by a
CS term. For both IQHE and AQHE, the prefactor
of this term is expressed in terms of momentum-space
topological invariants – the Chern number(s). The same
mechanism works for gapped systems in all even space
dimensions10–12.
Here we show that the IQHE/AQHE in 3 + 1-
dimensional crystalline quantum Hall systems or topolog-
ical insulators13 is also described by CS term with mixed
field content. Namely, the 3+1d CS term features elastic-
ity tetrads14–17, which describe the geometry of elasticity
theory, including crystals with dislocation defects. The
density of dislocations corresponds to spatial torsion of
the geometry, more familiar in gravitational theories, see
e.g. Ref. 18. In contrast to the gravitational tetrads,
the elasticity tetrads have canonical dimensions of in-
verse length. As a result the CS term is dimensionless
(in units ~ = 1), and as in the case of even space dimen-
sions, the prefactor is given by integer momentum-space
topological invariants. The CS term leads to the analog
of mixed (axial and gravitational/elastic) anomaly inflow
in 3+1d, see e.g. Refs. 19–23. The structure of the CS
term reflects the Callan-Harvey mechanism of anomaly
cancellation23, provided here by the fermion zero modes
living on dislocations/sample boundaries24–26. In this
way, the CS response related to the 3+1d QHE is valid in
the presence of deformations and satisfies the consistency
conditions of gauge invariance and anomaly inflow. The
same mechanism works for gapped crystalline systems in
all odd spatial dimensions.
The rest of this paper is organized in the following way.
Before introducing the elasticity tetrads and the ensuing
effective response in 3+1d in Sections III and IV, we first
review the simpler 2+1d QH case. Section V describes
the anomaly inflow mechanism of the action in 3+1d.
In Sect. VI, we briefly describe the extension to arbi-
trary even space-time dimensions. The coupling of the
elasticity tetrads to spacetime geometry in QHE is dis-
cussed in Sec. VII along with the speculative possibility
to have quantized and dimensionless gravitational cou-
plings if the gravitational spacetime metric is identified
with the metric of elasticity tetrads. We conclude in Sec.
VIII.
II. 2+1D TOPOLOGICAL ACTION FOR QHE
The topological Chern-Simons action for the IQHE and
for the anomalous, intrinsic (i.e. without external mag-
netic field) AQHE in the D = 2 + 1-dimensional crys-
talline insulator is given by4,6–8
S2+1d[Aµ] =
1
4pi
N
∫
d2xdt ναβAν∂αAβ . (1)
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2where |e| = ~ = 1 and the electromagnetic U(1) gauge
field Aµ has dimensions of momentum. The integer pref-
actor N in the response is expressed in terms of momen-
tum space topological invariant3,6–8
N =
1
8pi2
ij
∫ ∞
−∞
dω
∫
BZ
dS
× Tr[(G∂ωG−1)(G∂kiG−1)(G∂kjG−1)] , (2)
where the spatial momentum integral is over the 2d torus
of the two-dimensional Brillouin zone (BZ). The inte-
ger N is a topological invariant of the system and in
particular remains locally well-defined under smooth de-
formations of the lattice. Under sufficiently strong de-
formations or disorder one can have regions of different
N(x) with the associated chiral edge modes. In that
case, the global invariant, if any, is defined by the topo-
logical charge of the dominating cluster which percolates
through the system30.
A. 2+1d Bulk Chern-Simons and consistent
boundary anomaly
The topologically protected physics of the quantum
Hall effect arises due to the Callan-Harvey23 anomaly
inflow of the Chern-Simons action from the bulk to the
boundary27–29, which we now review. In fact, the bound-
ary current Jµbdry realizes the (consistent) 1+1d chiral
anomaly
∂µJ
µ
bdry =
N
8pi
µνF bdryµν , (3)
where J
0,‖
bdry, F
bdry
0‖ = ∂tA‖−∂‖At are along the boundary.
In this way the protected edge modes arise from the can-
cellation of bulk and boundary gauge anomalies7,23,27,28.
In more detail, the 2+1d Chern-Simons term Eq. (1) can
be written as
SCS[A] =
1
4pi
∫
d3xµνλσ(x)Aµ∂νAλ (4)
where σ(x) = NΘ(x1) has a step function domain wall
at x1 = 0. This is equivalent to a spacetime manifold
with a boundary. The current is
jµH =
δSCS[A]
δAµ
=
σ
2pi
µνλ∂νAλ − 1
4pi
µνλ(∂νσ)Aλ (5)
with bulk and boundary contributions. We see that the
Hall conductivity is σH = Ne
2/h. The current has the
divergence
∂µj
µ
H =
1
4pi
µνλ∂µσ∂νAλ =
N
8pi
δ(x1)1νλFνλ =
N
4pi
E‖.
(6)
where we have specialized to the case when F02 = −E‖
is an electric field on the boundary. This arises because
of the consistent gauge anomaly under gauge transfor-
mations δλAµ = ∂µλ,
δλSCS[A] = − 1
4pi
∫
d3x λµνλ∂µσ∂νAλ
=
∫
d3x λ∂µj
µ
H = −δλSbndry[A]. (7)
The anomalous divergence is compensated by protected
edge modes on the boundary described by Sbndry.
III. ELASTICITY TETRAD FIELDS
The pure 3+1d CS term cannot be defined in even
spacetime dimensions, therefore the QH response re-
quires additional fields and constitutes a mixed response
which is only weakly topologically protected. These fields
are due to the (weak) crystalline symmetries of the sys-
tem.
Specifically, these are the elastic deformations of the
crystal lattice described in terms of elasticity tetrads
E aµ (x), which represent the hydrodynamic variables of
elasticity theory14,15. In the absence of dislocations, the
tetrads Ea = E aµ dx
µ are exact differentials. They can
be expressed in general form in terms of a system of three
deformed crystallographic coordinate planes, surfaces of
constant phase Xa(x) = 2pina, na ∈ Z with a = 1, 2, 3 in
three dimensions. The intersections of the three constant
surfaces
X1(r, t) = 2pin1 , X2(r, t) = 2pin2 , X3(r, t) = 2pin3 ,
(8)
are points of the (possibly deformed) crystal lattice
L = {r = R(n1, n2, n3)|r ∈ R3, na ∈ Z3}. (9)
The elasticity tetrads are gradients of the three U(1)
phase fields Xa, a = 1, 2, 3,
E aµ (x) = ∂µX
a(x) (10)
and have units of crystal momentum. By the inverse
function theorem, we can define the inverse vectors
E aµ (x)E
ν
a(x) = δ
µ
ν . (11)
In the simplest undeformed case, Xa(r, t) = Ka ·r, where
E
(0)a
i ≡ Ka are the (primitive) reciprocal lattice vectors
Ka. In the general case, they depend on space and time
and are quantized in terms of the lattice L in Eq. (9).
In the absence of dislocations, when Xa(x) are glob-
ally well-defined, the tetrads E aµ (x) are pure gauge and
satisfy the integrability condition (in differential form no-
tation):
T a = dEa =
1
2
(∂µE
a
ν (x)− ∂νE aµ (x))dxµ ∧ dxν = 0.
(12)
3In the presence of dislocations, T a 6= 0, and Xa(x) are
multivalued.
We can also consider a metric associated with these
tetrads,
gµν = E
a
µ E
b
ν ηab, (13)
where η is the metric associated to the background lat-
tice, say the spatial Euclidean or Minkowski metric. The
important difference is that dn2 = gµνdx
µdxν in terms
of the elasticity tetrads is dimensionless and therefore
counts the spacetime distances in terms of the lattice
points of L16. The tetrads fields E aµ , but not the metric,
enter the CS action for a 3+1d quantum Hall effect of
the lattice QH systems and topological insulators as we
now discuss.
IV. 3+1D TOPOLOGICAL ACTION FOR QHE
Using the elasticity tetrads, the generalization of the
2+1d QH response to 3+1d is in principle straightfor-
ward. This extends the electromagnetic 2+1d CS re-
sponse to 3 + 1d with the following topological terms,
featuring U(1) fields in combination with the elasticity
tetrads E aµ (x):
S3+1d[Aµ] =
1
8pi2
3∑
a=1
Na
∫
d4x E aµ 
µναβAν∂αAβ ,
(14)
where a = 1, 2, 3 labels the spatial lattice directions in
three space dimensions. The derivation of this formula
using semi-classical expansion is in the next section. The
tetrads E aµ (x) in Eq. (10) have the dimension of the
momentum, and thus the integrals in Eq. (14) are di-
mensionless (~ = 1). It follows, as in the 2+1d case, that
the prefactors are dimensionless and are also expressed in
terms of integer topological momentum-space invariants.
The integer coefficients Na are antisymmetric integrals
of the Green’s functions:
Na =
1
8pi2
ijk
∫ ∞
−∞
dω
∫
BZ
dSia
× Tr[(G∂ωG−1)(G∂kiG−1)(G∂kjG−1)] , (15)
where the momentum integral is now over the restricted
2D BZ torus determined by the area dSia normal to E
a
i .
A similar expression for the 3+1d QH was proposed in
Ref. 31 without the elasticity tetrads and spacetime de-
pendence. In the deformed crystalline systems in 3+1d,
the tetrads E aµ (x) entering the 3+1d Chern-Simons ac-
tion Eq. (14) depend slowly on space and time. For
arbitrary background fields, the spacetime dependence
violates the gauge invariance of the action. However, in
the absence of dislocations the latter does not happen
for the elasticity tetrads: under deformations Eq. (14)
remains gauge invariant due to the condition dEa = 0 in
Eq. (12). The variation δφS under δAµ = ∂µφ is iden-
tically zero modulo the bulk/boundary QH currents of
the sample. The anomaly cancellation in the presence of
dislocations is discussed in detail below.
Here is the main difference between the topological
insulator and a gapless system in 3+1d, e.g. a Weyl
semimetal. Integrating out the fermions leads to the chi-
ral anomaly in the bulk and the ensuing gauge anomaly
has to be consistently canceled. In that case, instead of
the elasticity tetrads the four-momentum separation of
the Weyl points appears in the counter term21,32–37. In
the deformed system, this parameter depends on the co-
ordinates, but the integrability condition is now absent,
and the term cannot arise without the bulk chiral gauge
anomaly.
A. Semiclassical expansion
The response in Eq. (8) can be obtained via the semi-
classical Green function formalism6,8,58. The assump-
tions are gauge invariance and semiclassical expansion to
lowest order. The effective action for a slowly varying
background field Aµ(x, t) is
log
Z[A]
Z0
= iSeff [A] = itr ln
G[A]
G0
. (16)
Now we want to obtain the effective action to first or-
der in gradients of Aµ(x). We use the fact that the co-
ordinate dependence of Aµ(x) is semiclassical, i.e. the
field varies slowly on the scale of the lattice momenta.
In the semiclassical phase-space analysis6,8,11,58, with
G ≡ G[A] ≡ G(p, ω;Aµ(x, t)), we obtain to the lowest
order in the gradients of Aµ(x)
Seff [A] =− i
4
∫
d3pdω
(2pi)4
∫
d3xdt (17)
tr[G∂xµG
−1G∂kµG
−1 −G∂kµG−1G∂xµG−1
× (G∂kνG−1)|A=0 ]Aν
where xµ = (t,x) and kµ = (ω,−p) and
G∂xµG
−1 = G∂kνG
−1
|A=0∂xµAν . (18)
The trace in the matrix product of Green functions is
antisymmetric in the indices of kµ-derivatives. With the
convention txyz = −1, we arrive to
Seff [A] =
i
12
∫
d3xdt αβγρAα∂βAγ × (19)∫
d3pdω
(2pi)4
µνλρtr[(G∂kµG
−1)(G∂kνG
−1)(G∂kλG
−1)]A=0.
The momentum space prefactor can be separated to be
4of the form
i
∫
dpaδρaµνλρ
∫
d2pdω
24pi2
×
tr[(G∂kµG
−1)(G∂kνG
−1)(G∂kλG
−1)]A=0 (20)
=
∫
dpaNa(p
a) = KaNa,
where Na = Na(pa) is the 2+1d integer-valued invariant,
Na(p
a) = µνλa
∫
d2pdω
24pi2
×
tr[(G∂kµG
−1)(G∂kνG
−1)(G∂kλG
−1)]A=0 (21)
evaluated in imaginary time over the cross-sectional re-
ciprocal space, perpendicular to the reciprocal lattice di-
rection Ka. The elementary cell can be taken to be tri-
clinic. Topologically the integration is over a (pinched)
3-torus and Na(p
a) is an element of pi3(GL(n,C)) = Z6.
We conclude that
Seff [A] =
1
8pi2
Na
∫
d3xdt µνλρE(0)aµ Aν∂λAρ. (22)
where E
(0)a
µ = (Ka)iδ
i
µ =
∫
dpa, i = x, y, z are the recip-
rocal lattice vectors normal to the different lattice planes
with invariants Na. This is the statement that the 3+1d
QHE is described by the weak vector invariant NaE
(0)a
µ
protected by the crystalline symmetry.
It is well-known that the topological winding number
Na is stable against small variations δG(kx, ky, kz) of the
Green’s function that do not close the gap6,8,11. We can
consider small lattice deformations xµ → xµ + ξµ(x),
ξ  1. Under these, the reciprocal vectors change as
E(0)aµ =
∫
dpa →
E aµ (x) ≡
∫
dpa(x) ≈ 2pi
d
(δaµ − ∂µξa) (23)
where E aµ (x) is a semiclassical, slowly varying field at
the lattice scale d in reciprocal space which defines the
local normal direction of a set of lattice planes. Note that
the topological invariants Na are assumed to be constant
and independent of deformations throughout. The final
result is Eq. (8).
B. Hall current in terms of elasticity tetrads
The elasticity tetrads, i.e., elementary deformed recip-
rocal and direct lattice vectors, E aµ (x) = ∂µX
a(x) and
the inverse E µa (x), appear in the EM response, descend-
ing from the lattice field phase fieldsNaX
a(x) in the pres-
ence of deformarions. As discussed, the phase fields sat-
isfy the quantization condition Xa(x) = 2pina, na ∈ Z3,
on the lattice points x ∈ L. The Hall conductance is38
σij = ijk
∑
aNaE
a
k(x)
4pi2
, (24)
i.e., the conductance is quantized in planes perpendicular
to the layer normal Gi =
∑
aNaE
a
i(x). The reciprocal
vector G = Gi is the weak Hall index of a weak 3+1d
Chern insulator.
In the non-deformed crystal, where E
(0)a
k are primi-
tive reciprocal lattice vectors, this equation transforms
to the well-known equation with 3+1d quantized Hall
conductivity13,32,36,38:
σij =
e2
2pih
ijkGk , (25)
where Gk is a reciprocal lattice vector, which is expressed
in terms of the topological invariants Na and the primi-
tive reciprocal lattice vectors E(0)a = Ka:
Gk =
3∑
a=1
NaE
(0)a
k . (26)
In the deformed crystal, the conductivity tensor is
space-time dependent, and thus is not universally quan-
tized. However, the response of the conductivity to de-
formation is quantized:
dσij
dE ak
=
e2
2pih
ijkNa . (27)
The Hall current is
Jµ =
−1
4pi2
3∑
a=1
Na
µναβE aν ∂αAβ
+
1
8pi2
3∑
a=1
Na
µναβ(∂αE
a
β )Aν (28)
and has a bulk and a topological defect/boundary
component23,39. In the absence of dislocations, dEa = 0
in Eq. (12), and the current represents a dissipationless,
fully reversible current, which is conserved due to U(1)
gauge invariance
∂µJ
µ = ∂µJ
µ
bulk = 0. (29)
C. Chiral magnetic effect
The action Eq. (14) and current Eq. (28) also describe
the chiral magnetic effect (CME)40,41. In the presence
of periodic directions varying in time, time-dependence
Xa(r, t) appears. In the CME an electric current along
an applied magnetic field is induced:
J =
1
4pi2
3∑
a=1
NaE
a
t B . (30)
This current contains E at = ∂X
a/∂t and thus it vanishes
in equilibrium in agreement with Bloch theorem, accord-
ing to which the total current is absent in the ground, or
5in general any equilibrium, state of the system (see, e.g.,
Ref. 42). Here, we restrict to spatial lattices under de-
formations. The CME for a time-periodic insulator with
timelike E0µ = ωF δ
0
µ (with Floquet drive ωF ) and the
temporal invariant N0 6= 0 was pointed out in Ref. 17.
This can be extended to spatial deformations as well.
V. ANOMALY CANCELLATION AND
DISLOCATION ZERO MODES
A. Callan-Harvey effect on dislocations and mixed
anomaly
Now, we describe the anomaly inflow. The constraint
(12) is violated in the presence of topological defects —
dislocations. The density of dislocations equals the tor-
sion for the elasticity tetrads (with vanishing spin con-
nection):
T a = dEa, T akl = (∂kE
a
l − ∂lE ak ), k, l = x, y, z,
(31)
similar to the role of spacetime torsion in gravitational
theories14,18. The nonzero dislocation density or torsion
violates the conservation of the Hall current:
∂µJ
µ =
−1
8pi2
1
4
µναβFαβ
3∑
a=1
NaT
a
µν . (32)
This mixed anomaly represents the Callan-Harvey mech-
anism of anomaly cancellation23, which is provided here
by the fermion zero modes living on dislocations23–26,39.
The action remains well-defined and gauge invariant in
the presence of dislocations, i.e., 2pi ambiguities in the
phase field Xa, due to zero modes with 1+1D covariant
anomaly along the dislocation string,
∂µJ
µ = ∂µJ
µ
bulk + ∂µJ
µ
dislocation = 0, (33)
as shown in Refs.23,39,43 for Dirac fermions in the pres-
ence of complex vortex-like axionic mass. The Dirac
model can be taken as a topological model for the 3+1d
QH system11, which we discuss next.
B. Dirac fermion model
To verify the existence of dislocation zero modes on dis-
locations and overall gauge invariance, let us consider a
simplified model with the same symmetries as the time-
reversal and parity-breaking topological insulator with
crystalline order, namely, a gapped and time-reversal and
parity breaking Dirac model with a complex mass in-
duced by a scalar field X,
S[ψ,ψ,Aµ, X]
=
∫
d3xdt ψ(γµi∂µ)ψ −m(x)ψeiγ5Xψ − ψγµψAµ
=
∫
d3xdt ψ(γµi∂µ −m)ψ
−mψ[eiγ5X − 1]ψ − ψγµψAµ + · · · . (34)
The complex scalar m(x)eiγ
5X(x) is equivalent to a slowly
varying mass profile. A vortex line-singularity (“axionic
string”23,39) is the profile where m(x)→ m far from the
singularity and m(xc) = 0, where xc is the vortex loca-
tion. The phase field X(x) has a vortex singularity
∫
C
dX = 2pin (35)
around all contours around xc and is is such that X =
const. + nφ far from the line defect. In the present case,
X = NaX
a and n = naNa. The expansion in Eq. (34)
applies far from the vortex. Let us compute the induced
effective action far from the vortex string by starting the
from the expansion
mψ[eiγ
5X − 1]ψ(y) = im∂µX(y − x)µψγ5ψ(x) + . . .
(36)
The response is found from the axial bosonic polarization
vertex Πµν(x, y)39 (or the equivalent Goldstone-Wilczek
current43) of the effective action
Seff [A] =
∫
d4xd4y Aµ(x)
1
2Π
µν(x, y)Aν(y) (37)
depicted in Fig. 1 becomes, using tr[γ5γµγνγλγρ] =
+4iµνλρ with txyz = −1,
6Πµν(x, y) = m∂λX
∫
d4qd4p
(2pi)8
d4kδ(4)(k)eiq(y−x)
∂
∂kλ
tr[iγµG(p)iγνG(p+ q)γ5G(p+ q + k)
+ (µ↔ ν, k ↔ q)] (38)
= +4iµνλρ∂λX
∫
d4qd4p
(2pi)8
eiq(y−x)
m2iqρ
(p2 −m2)((p+ q)2 −m2)
[
1
p2 −m2 +
1
(p+ q)2 −m2
]
.
Taking the limit q → 0, we arrive to the bulk effective
action23,39
Seff [A,X] =
∑
a
Na
1
8pi2
∫
d4x µνλρ∂µX
aAν∂λAρ + · · ·
(39)
after integrating out the massive fermions far from the
string. The response follows from Eq. (38) by the
replacement X → ∑aNaXa, i.e. instead of a sin-
gle U(1) axion field, we have a flavored U(1)3 lattice
phase field Xa with topological charges Na which are not
protected58 without the existence of the slowly varying
lattice phase field Xa.
Let us now extend the above effective action Eq. (39)
to be valid everywhere, essentially by considering a vortex
string with a delta function core.
C. Induced anomaly current
The bulk effective action Eq. (39) was derived far from
the string defect. Let us now check the induced current
due to a topological configuration in X(x) = NaX
a(x).
For simplicity, we will consider singularities only in the
slowly varying continuum lattice field Xa(x) and treat
the topological numbers Na as constants. A dislocation
in the topological response is a 2pinaNa-ambiguity in the
field X = NaX
a(x), and na is the Burgers vector of the
dislocation and n = naNa.
The induced current separates to a bulk and boundary
contributions,
〈Jµ〉 = δSeff/δAµ = −1
4pi2
µνλρ∂νX∂λAρ
+
1
8pi2
µνλρ(∂λ∂νX)Aρ. (40)
due to an electric field F0z = −Ez parallel along the
string. This has contributions from the bulk, where
X(r, φ, z) = nφ, and from the string where, from Eq.
(35), we get
−tijz∂i∂jX = 2pinδ(2)(xc), i, j = x, y. (41)
Therefore,
〈Jµbulk〉 =
−1
4pi2
µνλρ∂νX∂λAρ (42)
=
1
4pi2
n
r
F0z = − 1
4pi2
n
r
Ez = 〈Jrbulk〉,
whence the current per unit time and length in the ra-
dial direction outwards from the string is − n2piEz. In
addition, there is the current localized on the string
〈J istring〉 =
1
8pi2
µνλρ(∂λ∂νX)Aρ (43)
=
1
8pi2
(2pinδ(2)(xc))
ijAj =
n
4pi
ijAjδ
(2)(xc),
i, j = t, z, with the divergence ∂i〈J istring〉 =
n
8pi 
ijFijδ
(2)(xc) =
n
4piE
zδ(2)(xc). The divergence of the
total current Eq. (40) on the string is anomalous
∂µ〈Jµ〉 = − 1
8pi2
µνλρ(∂µ∂νX)Fλρ (44)
=
1
4pi2
(2pinδ(2)(xc))F0z = − n
2pi
Ezδ(2)(xc).
On the other hand the chiral fermions on the string,
where they are effectively massless, result in n chiral zero
modes with chiral anomaly
∂i〈J i1+1D〉 = ∂i〈J istring〉+ ∂i〈J i,cons.1+1D 〉 (45)
= ± 1
4pi
ijFij = ∓F0z
2pi
= ±E
z
2pi
.
This is the 1+1d covariant anomaly and is composed
of the boundary consistent anomaly plus the contribu-
tion on localized on the string from the bulk21,39. The
anomaly due to the bulk induced current and zero modes
cancels.
In contrast, from the previous arguments in Sec. II A
we see that the 2+1d QH anomaly is matched by the
consistent anomaly of N boundary 1+1d chiral fermions.
This seems to coincide with the observation in Ref. 21:
The covariant anomaly is a Fermi-surface effect, whereas
the consistent anomaly arises from the contribution of all
the filled levels.
VI. EXTENSION TO EVEN D = 2 + 2n
SPACE-TIME DIMENSIONS
The anomaly equation Eq. (32) can be straightfor-
wardly extended to arbitrary even D = 2 + 2n spacetime
dimensions:
∂µJ
µ ∝
2n+1∑
a=1
NaT
a ∧ F ∧ ... ∧ F︸ ︷︷ ︸
n times
. (46)
7µ
<latexit sha1_base64="UFOX 4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhf UY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPp F3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx 41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIf cZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCO T1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+ NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4k wYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9 Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85h j+wPv8AV1ejdY=</latexit><latexit sha1_base64="UFOX 4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhf UY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPp F3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx 41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIf cZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCO T1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+ NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4k wYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9 Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85h j+wPv8AV1ejdY=</latexit><latexit sha1_base64="UFOX 4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhf UY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPp F3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx 41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIf cZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCO T1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+ NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4k wYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9 Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85h j+wPv8AV1ejdY=</latexit><latexit sha1_base64="UFOX 4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhf UY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPp F3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx 41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIf cZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCO T1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+ NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4k wYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9 Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85h j+wPv8AV1ejdY=</latexit>
⌫
<latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=" >AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw 6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at 4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI 3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAm MBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit><latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=" >AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw 6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at 4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI 3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAm MBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit><latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=" >AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw 6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at 4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI 3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAm MBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit><latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=" >AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw 6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at 4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI 3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAm MBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit>
p
<latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=" >AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFc G9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLk DWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9eb if14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUM EJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit><latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=" >AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFc G9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLk DWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9eb if14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUM EJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit><latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=" >AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFc G9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLk DWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9eb if14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUM EJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit><latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=" >AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFc G9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLk DWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9eb if14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUM EJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit>
p+ q
<latexit sha1_base64="/8Zq ymNA5saoy2rjkVUFUPIDPoY=">AAAB6nicbVBNS8NAEJ3Ur1q/ qh69LBZBEEoigh6LXjxWtB/QhrLZTtqlm03c3Qgl9Cd48aCIV3+ RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v 5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwf zDhBP6IDyUPOqLHSfXL22CtX3Ko7A1kmXk4qkKPeK391+zFLI5S GCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMF a2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihM BTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5XvXcqnd 3Uald53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OcF6cd+dj3lpw8p lD+APn8wcRfI2k</latexit><latexit sha1_base64="/8Zq ymNA5saoy2rjkVUFUPIDPoY=">AAAB6nicbVBNS8NAEJ3Ur1q/ qh69LBZBEEoigh6LXjxWtB/QhrLZTtqlm03c3Qgl9Cd48aCIV3+ RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v 5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwf zDhBP6IDyUPOqLHSfXL22CtX3Ko7A1kmXk4qkKPeK391+zFLI5S GCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMF a2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihM BTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5XvXcqnd 3Uald53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OcF6cd+dj3lpw8p lD+APn8wcRfI2k</latexit><latexit sha1_base64="/8Zq ymNA5saoy2rjkVUFUPIDPoY=">AAAB6nicbVBNS8NAEJ3Ur1q/ qh69LBZBEEoigh6LXjxWtB/QhrLZTtqlm03c3Qgl9Cd48aCIV3+ RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v 5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwf zDhBP6IDyUPOqLHSfXL22CtX3Ko7A1kmXk4qkKPeK391+zFLI5S GCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMF a2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihM BTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5XvXcqnd 3Uald53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OcF6cd+dj3lpw8p lD+APn8wcRfI2k</latexit><latexit sha1_base64="/8Zq ymNA5saoy2rjkVUFUPIDPoY=">AAAB6nicbVBNS8NAEJ3Ur1q/ qh69LBZBEEoigh6LXjxWtB/QhrLZTtqlm03c3Qgl9Cd48aCIV3+ RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v 5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwf zDhBP6IDyUPOqLHSfXL22CtX3Ko7A1kmXk4qkKPeK391+zFLI5S GCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMF a2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihM BTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5XvXcqnd 3Uald53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OcF6cd+dj3lpw8p lD+APn8wcRfI2k</latexit>
q
<latexit sha1_base64="6st+2unI49vTKzHpFrX8LltbNi8=" >AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiu jet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnY OsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3 E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYw QHiGV3hzHpwX5935WLQWnHzmGP7A+fwB252M9Q==</latexit><latexit sha1_base64="6st+2unI49vTKzHpFrX8LltbNi8=" >AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiu jet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnY OsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3 E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYw QHiGV3hzHpwX5935WLQWnHzmGP7A+fwB252M9Q==</latexit><latexit sha1_base64="6st+2unI49vTKzHpFrX8LltbNi8=" >AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiu jet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnY OsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3 E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYw QHiGV3hzHpwX5935WLQWnHzmGP7A+fwB252M9Q==</latexit><latexit sha1_base64="6st+2unI49vTKzHpFrX8LltbNi8=" >AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiu jet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnY OsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3 E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYw QHiGV3hzHpwX5935WLQWnHzmGP7A+fwB252M9Q==</latexit>
q
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FIG. 1: The four-dimensional gauge field vacuum polarization Πµν(q, k) in Eq. (38) with the axionic vertex ∂λX.
In addition to the torsional field strength T a = dEa, it
contains the n-fold antisymmetric tensor product of U(1)
gauge field strengths F = dA, while the integer valued
topological invariants Na are expressed in terms of 2n+1-
dimensional integrals in frequency-momentum space7.
Equation (46) is valid even in case of n = 0, i.e., in one
spatial dimension, producing the expected results. Con-
sider a gapped one-dimensional chain of electrons with
the action (see also37)
S1+1d[A] =
N1
2pi
∫
dxdt µνE 1µ Aν , (47)
where the index N1 is defined via the Green’s function
G(ω, kx),
N1 =
1
2pii
∫
dω Tr G(kx, ω)∂ωG
−1(kx, ω) . (48)
The index N1 is the same for any kx without gap closings.
Note that in 3+1d the index Na in Eq.(15) is the same
for any cross section Sa of the three-dimensional Brillouin
zone, while in 1+1d the cross section corresponds to one
point kx in the one-dimensional Brillouin zone.
Variation of Eq. (47) gives the electric current
Jµ =
N1
2pi
µνE 1ν , (49)
the conservation of which
∂µJ
µ = NadE
a = N1dE
1 = 0 , (50)
has a simple interpretation. The condition dEa = 0 is
equivalent to the conservation of the sites of the one-
dimensional lattice, whereas the index N1 corresponds to
the number of the electrons per site, which is integer for
band insulators. As a result, the number of the electrons
is trivially conserved under adiabatic deformations.
Since any one-dimensional insulator is described by the
topological invariant N1, which can only change when the
gap closes, we may call any 1+1d insulator topological,
although the topology of the filled states can only be de-
tected by higher invariants — the Chern numbers. In
fact, this is very similar to ordinary metals with Fermi
surfaces11: the gapless Fermi surface represents a topo-
logical object in momentum space protected by an in-
variant similar to N1. Topology provides the stability
of the Fermi surface with respect to interactions and ex-
plains why metals can be described by Landau Fermi-
liquid theory. In this sense, metals can be considered as
topological materials, making the zeroth-order invariant
N1 one of the most important topological invariants in
the hierarchy of the topological invariants for fermionic
systems. In particular, it gives rise to the Luttinger the-
orem: the number of states in the region between two
Fermi points in 1+1d does not depend on interaction and
arises through topology and adiabatic evolution. This
can be generalized for any closed Fermi surface or insu-
lator in higher dimensions11,44,45.
VII. GRAVITATIONAL QH RESPONSE AND
EMERGENT GRAVITY
Now, we briefly describe the anomalous coupling of the
elasticity tetrads to the effective space-time metric in the
quantum Hall system and speculate on the possibility of
relating the elastic metric with the gravitational space-
time metric in an effective low-energy effective model of
quantum gravity.
The dimensional elasticity tetrads in the 3+1d QHE
allow us to write the dimensional extension of the
2+1d gravitational framing anomaly as a mixed elastic-
8gravitational anomaly in 3+1d23,46–49:
Seff,g =
3∑
a=1
N˜a
192pi2
∫
d3xdt Ea ∧
(
Γµν ∧ dΓνµ
+
2
3
Γµν ∧ Γνρ ∧ Γρµ
)
, (51)
where N˜a are effective central charges, Γ
µ
ν ≡ Γµλνdxλ
are the Christoffel symbol one-forms of the space-
time metric, that arises for example through Lut-
tinger’s argument50. In particular, the mixed elastic-
gravitational Chern-Simons term (51) implies the gener-
alization of the 2+1d thermal Hall effect48,50–53 to 3+1d
quantum Hall systems and topological insulators with in-
trinsic Hall effect, although it is third order in derivatives
and therefore beyond linear response.
Finally, let us speculate on the hypothetical connec-
tion of the elasticity tetrads E aµ to real space-time metric
and gravity. While the microscopic structure of the rela-
tivistic quantum space-time vacuum is not known, phe-
nomenological approaches and effective field theory can
be used to describe the effects of the vacuum degrees of
freedom. In one of these scenarios, it is assumed that the
space-time vacuum has the properties of a 3 + 1d super-
plastic crystalline medium constructed from E aµ
54. As in
the condensed matter elasticity theory, dislocations and
disclinations in this space-time crystal describe torsion
and curvature of general relativity14,55–57. More specif-
ically, in this super-plastic model of gravity, the size of
the elementary cell in the vacuum space-time crystal is
not fixed but in principle can vary arbitrarily with no
elementary Planck scale space-time lattice. As a result,
the induced action for the gravitational field54
S[Eaµ] =
∫
M3,1
d4x |E| (KR+ Λ) , (52)
contains only dimensionless quantities. Here the metric
gµν = ηabE
a
µE
b
ν is from Eq. (13) and the Ricci cur-
vature scalar R[Eaµ] depends on the elasticity tetrads in
the standard way, thus making the gravitational constant
K (inverse Newton constant) and the cosmological con-
stant Λ dimensionless, [K] = [R] = [Λ] = 1. The same
holds for higher derivative gravity and for the other (non-
gravitational) physical quantities, such as particle mass
[M ] = 1. Therefore, if gravity is related to fundamental
elasticity tetrads, all the measurable physical quantities
are dimensionless with respect to the space-time lattice.
VIII. CONCLUSION
In this paper, we have described the mixed topological
response of 3+1d QH systems using elasticity tetrads.
We have shown how gauge invariance and anomaly inflow
arise in the presence of deformations of the weak lattice
symmetries protecting the state. The response is a mixed
CS response featuring the elasticity tetrads fields of the
lattice. This mixed and geometric nature of the 3+1d
CS response is to be contrasted with the more familiar
topological BF theory in four dimensions (see, e.g., Ref.
59), which represents a mixed response with two one-
form gauge fields and their the field strengths appearing
in the action.
More generally, the dimensionful elasticity tetrads
are the proper hydrodynamic variables related to the
weakly protected IQHE/AQHE/CME on general even-
dimensional crystalline backgrounds. They describe the
topological QH response with elastic and geometric de-
formations in systems in odd spatial dimensions. In gen-
eral, Eq. (32) and its extension to higher dimensions, Eq.
(46), describe the mixed anomaly in terms of the gauge
fields and elastic torsion. These equations do not contain
any parameters, except for topological quantum num-
bers. This is because the elastic tetrads (torsion) have the
canonical dimensions of [l]−1 (respectively [l]−2) instead
of the conventional l0 (respectively [l]−1) for the grav-
itational space-time tetrads (torsion). This allows one
to write many mixed “quasi-topological Chern-Simons
terms”, analogous to mixed axial-gravitational/elastic
anomalies, in 3+1d quantum Hall systems with weak
crystalline symmetries. In principle, we can envisage
similar geometric extension of BF theory to 4+1d using
elasticity tetrads.
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